The measurement and stabilization of the carrier-envelope offset frequency f CEO via self-referencing is paramount for optical frequency comb generation which has revolutionized precision frequency metrology, spectroscopy, and optical clocks. Over the past decade, the development of chip-scale platforms has enabled compact integrated waveguides for supercontinuum generation. However, there is a critical need for an on-chip self-referencing system that is adaptive to different pump wavelengths, requires low pulse energy, and does not require complicated processing. Here, we demonstrate efficient carrier-envelope offset frequency f CEO stabilization of a modelocked laser with only 107 pJ of pulse energy via self-referencing in an integrated lithium niobate waveguide. We realize an f -2f interferometer through second-harmonic generation and subsequent supercontinuum generation in a single dispersion-engineered waveguide with a stabilization performance equivalent to a conventional off-chip module. The f CEO beatnote is measured over a pump wavelength range of 70 nm. We theoretically investigate our system using a single nonlinear envelope equation with contributions from both second-and third-order nonlinearities. Our modeling reveals rich ultrabroadband nonlinear dynamics and confirms that the initial second harmonic generation followed by supercontinuum generation with the remaining pump is responsible for the generation of a strong f CEO signal as compared to a traditional f -2f interferometer. Our technology provides a highly-simplified system that is robust, low cost, and adaptable for precision metrology for use outside a research laboratory.
Introduction
The development of optical frequency combs has enabled high-precision frequency measurements and led to advances in a wide area of research including all-optical clocks, spectroscopy, and metrology [1] [2] [3] . Significant advances in nanofabrication technology over the past decade have led to the development of various chip-based platforms for frequency comb generation, including silicon nitride, silicon dioxide, silicon, and aluminum nitride [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . Over the past two decades, two different approaches have been developed for on-chip frequency comb generation. One approach is based on stabilization of the repetition rate and carrier-envelope offset frequency (f CEO ) of a modelocked laser. The f CEO can be detected using a self-referenced f -2f interferometer, which requires a phase coherent octave-spanning spectrum [ Fig. 1(a) ] [2, [24] [25] [26] . This broadband spectrum * Corresponding author: y.okawachi@columbia.edu is achieved through supercontinuum generation (SCG) in a nonlinear waveguide. The second approach involves Kerr comb generation (KCG), where a single-frequency, continuous wave laser is used to pump a high-Q microresonator to excite a broadband, dissipative Kerr soliton through parametric four-wave mixing [4] . While the nonlinear broadening stage has been implemented onchip, f -2f interferometry has been largely performed using bulk optics and a periodically poled χ (2) crystal or waveguide for second harmonic generation (SHG) [11, 12, 15, 25, 26] . Since this process occurs after spectral broadening though SCG or KCG, the spectral components used for harmonic generation are at the wings of the generated spectrum, limiting the available peak power and resulting in low power conversion efficiency of SHG. This issue is particularly severe in KCG [21] [22] [23] , where auxiliary lasers locked to the Kerr comb are frequency doubled or tripled for f -2f or 2f -3f interferometry. In addition, a variable delay line needs to be implemented in such a system to compensate for the arXiv:2003.11599v1 [physics.optics] 25 Mar 2020 dispersive walk-off between the f -and 2f -components. Furthermore, for efficient phase matching at different wavelengths, devices with different poling periods are needed and precise temperature control is required.
As an alternative, here we consider a scheme where high peak power pump pulses first generate a harmonic signal before the remaining pump is used for SCG to create the fundamental frequency component [ Fig. 1(b) ,(c)]. The high peak power allows for highly efficient χ (2) -based harmonic generation, while providing sufficient excess pump power to allow for spectral broadening through the χ (3) nonlinear process. Recently, there have been demonstrations of on-chip f -2f interferometry through simultaneous SCG and secondharmonic generation (SHG) [14, 16, 19] , and f CEO stabilization has been demonstrated in silicon nitride (SiN) waveguides using a photo-induced nonlinear grating effect (χ (2) =0.5 pm/V) [16] and aluminum nitride waveguides (χ (2) =1 pm/V) [19] . While such an approach offers the potential for a high level of simplicity to produce a self-referenced frequency comb, SiN waveguides require an optical-writing process, which involves a femtosecond laser to generate the effective χ (2) nonlinearity and sets a limit on the input pulse energy that can be used for f -2f interferometry, and AlN waveguides demands nanojoule pulse energies which is considerably higher than what has been achieved with separate SCG and SHG systems [11, 12, 15] .
In recent years, integrated lithium niobate (LN, LiNbO 3 ) has emerged as an ideal platform for nonlinear photonics and its large nonlinear index (n 2 = 2 × 10 −19 m 2 /W) and strong χ (2) nonlinearity (χ (2) = 40 pm/V) [27] [28] [29] [30] [31] . Moreover, advances in waveguide fabrication technology [32] has led to the realization of low-loss waveguides with tight optical confinement, enabling dispersion engineering which is critical for nonlinear photonics applications. Previously, Yu, et al. [29] has shown the first evidence of f CEO detection using octavespanning SCG in a LN waveguide. Alternatively, SCG has been demonstrated in a periodically poled integrated LN waveguide via cascaded nonlinearities using a 2-µm pump [33] . However this system produces a weak f CEO beatnote due to the low pulse energy, and requires further complexity in design in terms of both dispersion engineering and group velocity matching and fabrication for poling.
In this paper, we demonstrate highly efficient selfreferencing in an integrated LN waveguide by leveraging the large intrinsic χ (2) and χ (3) nonlinearities. Selfreferencing is achieved by performing both SHG and SCG for f -2f interferometry in a single waveguide. We use this LN f -2f interferometer to demonstrate f CEO stabilization of a modelocked fiber laser with record low pulse energies of 107 pJ, with a large reduction in phase noise >100 dB/Hz at 10 Hz. We verify that the stabilization performance is equivalent to a conventional f -2f module. In addition, we demonstrate f CEO beatnote detection over 70 nm of pump wavelength tuning. We also numerically model the pulse propagation by employing a single nonlinear envelope equation that incorporates both second-and third order nonlinearities. Our modeling unveils the fascinating underlying dynamics of simultaneous harmonic generation and SCG which manifests in our system and correctly reproduces the experimentally observed spectrum over the vast optical bandwidth spanning multiple octaves. Our demonstration illustrates the technological readiness of LN waveguides for implementation of a low cost and adaptable precision metrology system for use outside a research laboratory.
Theory
Most of the prior work done on pulse propagation dynamics with χ (2) effects has implemented coupled equations for the fundamental and second-harmonic fields [33] [34] [35] . However, this analysis breaks down for ultrabroadband χ (2) and χ (3) interactions where these fields spectrally overlap. In order to model ultrabroadband nonlinear phenomena in LN waveguides, where the combined χ (2) and χ (3) effects result in multi-octave bandwidth generation, we consider a single nonlinear envelope equation taking into account χ (2) and χ (3) effects [36] [37] [38] [39] [40] [41] . We solve the nonlinear envelope equation, 
where P N L = 0 χ (2) E 2 + χ (3) E 3 is the total nonlinear polarization with contributions only from nonnegative frequencies, τ sh = 1/ω 0 − ∂[ln(n(ω))]/∂ω| ω=ω0 is the optical shock time, β n is the n-th order dispersion coefficient, α is the propagation loss, ω 0 is the pump frequency, and τ = t − β 1 z is the local time in the moving frame. We incorporate the effects of second-and third-order nonlinearities, high-order dispersion, and self-steepening. We solve Eq. (1) numerically via the split-step Fourier method using the fourthorder Runge-Kutta for the nonlinear step. Figure 2(a) shows the temporal and spectral evolution of the pulse in a 0.5-cm-long LN waveguide with a cross section of 800×1250 nm. The pump pulse is 90-fs in duration with a pulse energy of 107 pJ and is centered at 1560 nm.
In the spectral domain, we immediately see the effects of SHG and sum-frequency generation at 780 nm, along with third-harmonic generation at 520 nm. As the pulse propagates in the waveguide, we observe spectral broadening due to self-phase modulation. For z > 4 cm, we observe dispersive wave (DW) formation [42] [43] [44] [45] originating near 860 nm that subsequently blue shifts due to phase matching and approaches the second harmonic wavelength. In addition, we observe the formation of the second-harmonic of the DW. Figure 2(b) shows the simulated group-velocity dispersion (GVD) and the dispersion operatorD = n≥2 βn(ω0) n! (ω − ω 0 ) n for a 1560 nm pump (ω 0 corresponds to the center frequency of the pump) [43] [44] [45] , and Fig. 2(b) shows the simulated spectrum at the waveguide output. The spectral position of the DW is predicted from the zero-crossing of the dispersion operator. The spectral overlap between the DW and the second harmonic component allows for effective mixing between the f and 2f components and results in a strong f CEO beatnote. Figure 2(d) shows the spectrogram at the output. We calculate a group-velocity mismatch of 130 fs/mm between the pump and the second harmonic component which is significantly lower than that of bulk LN (300 fs/mm) [28, 46] . This low temporal walk-off eliminates the need for the implementation of a delay line and enables the single waveguide device for f -2f interferometry.
In our experiment, we send a pulse train from a modelocked erbium fiber laser centered at 1560 nm with a pulse duration of 90 fs and a 250-MHz repetition rate into a 0.5-cm-long air-clad LN waveguide. We pump the fundamental TE mode of the waveguide which allows us to exploit the largest nonlinear tensor component for the χ (2) process in the x-cut film. The LN waveguide is fabricated using an x-cut 800-nm LN thin film with an etch depth of 450 nm and a width of 1250 nm. The waveguide output is collected using a lensed fiber sent to two different optical spectrum analyzers for spectral characterization. We estimate an input coupling loss of 10.3 dB and an overall insertion loss of 17.5 dB. This coupling loss can be reduced to 1.7 dB, and the overall losses can be as low as 3.4 dB [47] . Figure 3 shows the spectral evolution as the pulse energy in the waveguide is increased. For 20 pJ of pulse energy, we observe a strong SHG signal peaked at 760 nm and a weak fourthharmonic signal at 380 nm. As the pulse energy is increased, we observe the formation of a DW centered at 840 nm. At 107 pJ, we observe a blue-shift of the DW due to phase matching that results in overlap with the SHG signal, enabling the generation of a strong f CEO beatnote. Similar to our modeling, we observe the second harmonic of the DW near 400 nm. Figure 4(a) shows the entire supercontinuum spectrum which continuously spans 700 -2200 nm for a coupled pulse energy of 107 pJ.
The f CEO of the modelocked laser is measured by directly detecting the waveguide output using a silicon avalanche photodiode (APD, 400 -1000 nm wavelength range). For f CEO stabilization, the measured offset from the APD is phase locked to a 10-MHz rubidium frequency standard using a feedback loop, which includes a phase detector and a PID controller. Figure 4(b) shows both the measured free-running (red) and locked (blue) in-loop f CEO beatnote centered at 20 MHz, obtained with a 10-Hz resolution bandwidth (RBW) using a phase noise analyzer. Figure 4(c) shows the locked (f CEO ) beatnote over a 50-Hz span with 1-Hz RBW. We measure a 3-dB bandwidth of 1 Hz which is at the resolution limit of the analyzer. For comparison, we measure the out-of-loop f CEO beat using a standard f -2f interferometer based on a highly nonlinear fiber and a bulk periodically poled lithium niobate frequency doubler, and we observe a nearly identical signature [ Fig. 4(c) ]. Figure 5 shows the single sideband phase noise of the f CEO beatnote for the free-running (red) and locked (blue) cases. We achieve a tight phase lock and observe a large reduction in phase noise (>100 dB/Hz at 10 Hz).
Lastly, we investigate the operational range of the pump wavelength for generating the f CEO beatnote. For this measurement, we use 200-fs pulses from a tunable femtosecond optical parametric oscillator (OPO) with a repetition rate of 80 MHz. Figure 6(a) show the measured optical spectra with the corresponding RF spectra. Free-running f CEO Locked f CEO Fig. 5 . Single-sideband phase noise of the f CEO for freerunning (red) and locked conditions (blue).
The peak at 80 MHz corresponds to the repetition rate and the two next highest peaks correspond to f CEO1 and f CEO2 . The pump wavelength is tuned from 1470 nm to 1530 nm, the upper wavelength limited by the operating range of the OPO. We achieved a f CEO signal with >20 dB signal-to-noise ratio (SNR) with a modelocked pulse source from 1490 nm to 1530 nm. As the pump wavelength is increased, we see the f CEO beatnote become stronger with a SNR as high as 40-dB for a pump wavelength of 1530 nm. Remarkably, the f CEO beatnotes are bright featuring a high intensity of -8.26 dBm at the same level as the repetition frequency, thanks to the spectral brightness of both DW and SHG components and their relatively good spectral overlap. Since the SHG signal strength largely remains the same, the increase in SNR as the pump is red-shifted is attributed to the blue-shift of the DW towards the second-harmonic position. For this GVD profile (Fig. 2) , the spectral position of the dispersive wave ω DW is largely dictated by GVD and third-order dispersion through the relation ω DW = −3β 2 /β 3 [45] . As the pump is red-shifted, the SHG also red shifts while the DW blue shifts due to a increased β 2 . In our waveguide, better spectral overlap between SHG and DW is achieved as the pump wavelength is increased, and an f CEO signal >20 dB is achieved from 1490 nm to 1560nm. The upper limit is dictated by the tuning range of our pulse source. As we can see from Fig. 3 pumping at 1560 nm, the DW has not yet reached the best overlap with SHG. Figure 6(b) shows a plot of the peak wavelength of the DW (red) and the second harmonic of the pump wavelength (blue) for a range of pump wavelengths. Based on our fit, we expect the best overlap to occur at 1587 nm, which corresponds to the crossing point between the DW and second-harmonic curves, and we extrapolate that the f CEO detection range is nearly symmetric about this crossing point up to 1700 nm.
In conclusion, we demonstrate on-chip self-referencing using a single integrated LN waveguide. We achieve efficient f CEO stabilization of a modelocked fiber laser using 107 pJ of pulse energy by exploiting the efficient second-harmonic process that occurs at the beginning of the waveguide while still allowing for strong χ (3) interactions with high peak pump power. The platform offers a wide pump wavelength range >70 nm over which the f CEO beatnote can be generated. The simple structure can replace a conventional f -2f interferometer with bulk PPLN which requires various poling periods, a temperature controller, and a delay line for extracting the f CEO . In addition, we theoretically investigate this system by modeling pulse propagation in a LN waveguide with χ (2) and χ (3) effects. The low power consumption and compact footprint of our scheme offers promise towards the miniaturization of frequency comb technology and a step towards the realization of an integrated fully-stabilized frequency comb source for applications beyond the lab.
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